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3.1 The Notion of a Random Variable I

A random variable X Is a function that
assigns a real numberX ( ), to each outcome
In the sample space.

S
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Example:

Toss a coin three times.

= fHHH; HHT;HTH; THH; HTT;
THT; TTH;TTT g:

Let X be the number of heads.

HHH HHT HTH THH HTT THT TTH TTT
X() 3 2 2 2 1 1 1 0

X 1s a random variable withSx = f0; 1, 2; 3g.
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S: Sample space of a random experiment
X : Random variable X : S! Sy
Sx IS a new sample space

LetB Sy andA=f :X()2Bg. Then

P[B]= P[A]=P[f :X()2B(]

A and B are equivalent events.
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3.2 Cumulative Distribution Function '

Cumulative distribution function (cdf)

Fx(X)= P[X x] for 1 <x< 1

In underlying sample space
Fx(x)= P[f :X() xg]

Fx (X) Is a function of the variablex.
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Properties of cdf

1.0 Fx(x) I

2. limy; Fx(X)=1:

3. limy;  Fx(X)=0:

4. If a<b,thenFx(a) Fx(b):

5. Fx (X) Is continuous from the right, I.e., forh > 0

Fx (b) = I;]rlnO Fx (b+ h) = Fx (b"):

6. Pla<X b= Fx( Fx(a),since
fX ag[fa<X Dbg=fX o
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X =b=Fx(b Fx(b):

X >Xx]=1 Fx(X):
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X : the number of heads Iin three tosses of a fair coin

Let be a small positive number. Then
Fx(1 )=P[X 1 ]= Pf0headg=1=§
Fx (1) = P[X 1] =P[O or 1 heads] = E8+3=8 = 1=2;
Fx(1+ )= P[X 1+ ]= P[0Oorlheads]=%X2

Write in unit step function

() = 2u(9)+ u(x
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Example: The transmission timeX of messages in a
communication system obeys the exponential probability
law with parameter , i.e.,

PIX>x]=e ”* x>0

Find the cdf of X and P[T <X = 2T], whereT =1=.

(

O; X< 0
Fx(X)= P[X x]=1 P[X>x]=

1 e *: x O

PT<X 2T]=1 e? (1
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Types of random variables
Discrete random varia;?le,Sx = X X1} 1:]

Fx (X) = Px (XK)U(X  Xk);
k
wherexy 2 Sx and px (Xx) = P[X = X] Is the
probability mass function (pmf) of X..

Continuous random variabge
X

Fe(X)=  f(D)dt

1

Random variable of mixed type

Fx (X) = pFi(X)+ (1 p)Fa(X)
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3.3 Probability Density Function I

Probability density function (pdf) of X is

dFx (X)

fx(X)= dx
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-xx+dx
Plx <X <x + dx] = fy(x)dx
(@

a
Pla < X < b] = [P fyx)dx
(b)
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Properties of pdf

1. fx(x) O

R,
2.P[a X b= _fx(x)dx:

R
3. Fx(X) = * fy(t)dt:

X
1

Rl
L fy(t)dt=1:
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The pdf of the uniform random variable

( 1 .

—, a X
fx(x)= D@

b

0) otherwise

X<a
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fi(o 4
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Pdf for discontinuous cdf

Unit step function

0 x<O
1 x O

u(x) =

Delta function (t)
Z X
u(x) = (t)dt

1

Cdf for a discrete random variable

X
Fx (X) = Px (Xi)u(X  Xg) =
K
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0= () (X X
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Conditional cdf's and pdf's

Conditional cdf of X given A
P[fX xg\ A]

Fx (XJA) = PIA]

Conditional pdf of X given A
d

if P[A]> O

fx (XJA) = ——Fx (X]A)

dx
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3.4 Some Important Random Variables I

Bernoulli random variable : Let A be an event. The
Indicator function for A i

0O 2A
1 2A

Ia( )=

| o IS the Bernoulli random variable. Ex: toss a coin.

Binomial random variable : Let X be the number of
times a eventA occurs inn independent trials. Letl;
be the indicator function for eventA in the j th trial.

Then
X:|1+|2+ +|n
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and

n
P[X = K] = « P

wherep = PJl; =1].
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Geometric random variable : Count the numberM
of independent Bernoulli trials until the rst success of
event A.

PIM=kl=1 p“'p

wherep = P[A]:
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Uniform random variable

Exponential random variable

(
0

fx(X)=
e X

Fx (Xx) =

1 e *

: rate at which events occur.
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Gaussian (Normal) random variable
The pdf is

1 _
fx ()= p—e " my*=2 *

wherem and are real numbers.

The cdf Is

1ZX

PX x]= p— e (X m?=2 *qy0

2 1

Change variablet = (x° m)= and we have

g Loem=
Fx (x) = {97 e "dt =
1

X
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fx&x) 1

.9
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Q-function is de ned by

Q(x) =1 e U=2qt:

Q-function is the probabillity of \tail" of the pdf.

Q0)=1=2 and Q( x)=1 Q(x):

Q(x) can be obtained by look-up tables.
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Example : A communication system accepts a positive
voltage V as input and output a voltageY = V + N,
where =10 2 and N is a Gaussian random variable with
parametersm =0 and = 2. Find the value of V that
givesP[Y < 0] =10 °.

Sol:
P[Y <0] = P[V +N<O0=P[N< V]

\Y; V
—— =Q — =10 &

From the Q-function table, we have V= =4:753. Thus,
V =(4:753)= =950:6.
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3.5 Functions of a Random Variable I

Let X be a random variable. De ne another random
variable Y = g(X). Example : Let the function
h(x) = (x)" be de ned as

0 x<O0

(x)" = 0

Let B = fx:g(x) 2 Cg. The probability of event C is
P[Y 2 C]=P[g(X) 2 C]=P[X 2 B]

Three types of equivalent events are useful In
determining the cdf and pdf:
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1. Discontinuity case:fg(X) = vyx0;
2. cdf: fg(X) vyog;

3. pdf: fy<g(X) y+ hg:
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Example : Let X be a sample voltage of a speech waveform, and
suppose thatX has a uniform distribution in the interval [ 4d; 4d].

Let Y = (X ), where the quantizer input-output characteristic is
shown below. Find the pmf for Y.
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—4d -3d —2d

Sol: The eventfY = qg for gin Sy is equivalent to the event
fX 2 140, wherel is an interval of points mapped into the
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representation point p. The pmf of Y
Z

PIY = g =  fy(t)dt=1=8

lq
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Example : Let the random variable Y be de ned by

Y = aX + b;

where a is a nonzero constant. Suppose thaX has cdfFx (x), nd

Fy ().
Sol: fY ygand A= faX + b ygare equivalent event. Ifa> 0

then A=fX (y Db)=ag, and thus

b
Fv(y)=P X YT

If a<0,thenA=fX (y b=agand

Fy(y)= P X
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Therefore, we have

8
<

fyv(y)= :
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Example : Let X be a Gaussian random variable with mearmrm and
standard deviation

(x m)?=2 ?

1
fx (x)= 192?9

Let Y = aX + b. Find the pdf of Y.
Sol: From previous example, we have
L o & b am)?=2a )2

fy(y)= p——
"2 jaj

Y also has a Gaussian distribution with meanam + b and standard
deviation jaj .
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Example : Let random variable Y be de ned by

Y = X%

where X Is a continuous random variable. Find the cdf and pdf ofY .

Sol: The eventfY yg occurs whenf X2 yg or equivalently

g P y X P yg for y nonnegative. The event is null wheny is

negative. Then

8
<

y<O0
Fy (y) = :

APy Py oy o

tx(Cy) fx( Py
2y 2"y
ix(y) . fx( 9.
e .

y>0
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ConsiderY = g(X) as shown below

y = 2(x) 'y

xyxp+dx;  xtden x xy X3+ dxy

Consider the eventCy = fy <Y <y + dyg. Let Bx be its
equivalence in thex-axis.

As shown in the gure, g(x) = y has three solutions and

By = fXxp<X<Xx 1+dxig[f X2 <X <X »+ dxxg
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[f X3 <X <X 3+ dXsgQ:

Thus,

P[Cy] = Ty (y)idy] = P[Bx] = fx (X1)jdxaj+fx (x2)jdXo]+fx (X3)jdxq:

In general, we have

X fx (X) _
jdy=dy ,_,,

fv(y) =
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Example : LetY = X2 ForY O, the equationy = x? has two
y. Sincedy=dx = 2x, we have

x(pY)
_pi

P P

solutions, Xg = " Yy and X1

fyv(y) = v

Example : Let Y =cos(X ), where X Is uniformly distributed in the
interval (0;2 ]. Find the pdf of Y.
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Y = cos X

. Two solutions in the interval, xo = cos (y) and x; =2 X0.

dy
dx .

= sin(xg) = sin(cos (y)) = 1 y2:
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Sincefyx (x)=1=2 ),

fv(y) =

The cdf of Y is

Fv(y) =

Graduate Institute of Communication Engineering, Nationa

| Taipei University

46



. Han

Random Variables

Graduate Institute of Communication Engineering, Nationa

| Taipei University

47



Y. S. Han Random Variables

3.6 Expected Value of Random Variables I

8 90 100 110 120 130 140 150

Trial number
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The Expected Value of X

The expected value or mean of a random

variable X Is de nedzby
1

E[X]= tf x (t)dt
1

If X IS a discrete random variable, then
X

EIX]= X«px (Xk)
K

Note that E[X ] may not converge.
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The mean for a uniform random variable between
and b is given by
Z

EX]= L gr= 2P

. b a 2

E[X] is the midpoint of the interval [a; 1.

If the pdf of X I1s symmetric about a pointm, then
E[X]= m. That is, when

fxy(m Xx)=fyx(m+ X);

Z .,
(m  t)fy (H)dt= m tf  (t)dt:

1
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The pdf of a Gaussian random variable is symmetric at

X = m. Therefore,E[X]= m.
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Exercise:
Show that if X Is a nonnegative random variable, then
Z 1
E[X]= (1 Fx(t))dt if X continuous and nonnegative

0

and

X
E[X]= P[X >k ] if X nonnegative, integer-valued

k=0
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Expected value of Y = g(X)

Let Y = g(X), where X is a random variable with pdf
fx (X)

Y Is also a random variable.

Mean ofY Is

Z ..
E[Y]= g(x)f x (x)dx:

1
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Variance of X

Variance of the random variableX is de ned by
VAR[X]= E[(X E[X]:

Standard deviation of X
STD[X] = VAR[ X ]*** measure of the spread o

a distribution.
Simpli cation
VAR[X] X2 2E[X]X + E[X]?
X?] 2E[X]E[X]+ E[XT
X% E[XF
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Example: Find the variance of the random variableX
that is uniformly distributed in the interval [ a; .

E[X]=(a+ b=2;

1 a+b

VAR[X] — m X
a

Lety=(x (a+ b)=2). Then

VAR[X] = bi

Graduate Institute of Communication Engineering, Nationa | Taipei University

55



Y. S. Han Random Variables

Example: Find the variance of a Gaussian random
variable.
Multiply the integral of the pdf of X by P 2 to obtain

Z ..
e (x M?*=2 *qy =

p2_:

1

Di erentiate both sides with respect to to get
VA
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Properties
Let ¢ be a constant. Then

VAR[c] = 0;
VAR[X + c] = VAR[ X];
VAR[cX] = *VAR[X]:

nth moment of the random variableX is given by
Z .

E[X"]= 1 X"fy (X)dX:

Graduate Institute of Communication Engineering, Nationa | Taipei University



Y. S. Han Random Variables

3.7 Markov and Chebyshev Inequalities I

Markov Inequality

SupposeX is a nonnegative random variable with

meanE[X]. Then
E[X .
P[X @ % for X nonnegative

Since

VA a yA 1 VA 1
E[X] = tf  (t)dt + tf  (t)dt tf  (t)dt
Zol a a
afy (t)dt = aP[X a:

a
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Chebyshev Inequality

Consider random variable X with E[X]= m and VAR[X] =

Then
2

PX mj a] ?:

Proof: Let D2 =(X m)2. Markov inequality for D? gives

E[(X m)3]_ 2,
a2 T a2’

P[D? a’]

f D2 a?gandfiX mj agare equivalent events.
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