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3.1 The Notion of a Random Variable

� A random variable X is a function that

assigns a real number,X (� ), to each outcome

� in the sample space.
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Example:

� Toss a coin three times.

�

S = f HHH; HHT; HTH; THH; HTT ;

THT ; TTH ; TTT g:

� Let X be the number of heads.
� HHH HHT HTH THH HTT THT TTH TTT

X (� ) 3 2 2 2 1 1 1 0

� X is a random variable withSX = f 0; 1; 2; 3g.
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� S: Sample space of a random experiment

� X : Random variable X : S ! SX

� SX is a new sample space

� Let B � SX and A = f � : X (� ) 2 B g. Then

P[B ] = P[A] = P[f � : X (� ) 2 B g]

� A and B are equivalent events.
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3.2 Cumulative Distribution Function

� Cumulative distribution function (cdf)

FX (x) = P[X � x] for � 1 < x < 1

� In underlying sample space

FX (x) = P[f � : X (� ) � xg]

� FX (x) is a function of the variablex.
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Properties of cdf

1. 0 � FX (x) � 1:

2. limx!1 FX (x) = 1 :

3. limx!�1 FX (x) = 0 :

4. If a < b, then FX (a) � FX (b):

5. FX (x) is continuous from the right, i.e., forh > 0

FX (b) = lim
h! 0

FX (b+ h) = FX (b+ ):

6. P[a < X � b] = FX (b) � FX (a), since
f X � ag [ f a < X � bg = f X � bg:
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7. P[X = b] = FX (b) � FX (b� ):

8. P[X > x ] = 1 � FX (x):
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� X : the number of heads in three tosses of a fair coin

� Let � be a small positive number. Then

FX (1 � � ) = P[X � 1 � � ] = Pf 0 headsg = 1=8;

FX (1) = P[X � 1] = P[0 or 1 heads] = 1=8+3=8 = 1=2;

FX (1 + � ) = P[X � 1 + � ] = P[0 or 1 heads] = 1=2:

� Write in unit step function

u(x) =

(
0; x < 0

1; x � 0;

FX (x) =
1
8

u(x) +
3
8

u(x � 1) +
3
8

u(x � 2) +
1
8

u(x � 3):
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Example: The transmission timeX of messages in a
communication system obeys the exponential probability
law with parameter � , i.e.,

P[X > x ] = e� �x x > 0

Find the cdf of X and P[T < X � 2T], whereT = 1=� .

FX (x) = P[X � x] = 1 � P[X > x ] =

(
0; x < 0

1 � e� �x ; x � 0:

P[T < X � 2T] = 1 � e� 2 � (1 � e� 1) = e� 1 � e� 2:
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Types of random variables

� Discrete random variable,SX = x0; x1; : : :

FX (x) =
X

k

pX (xk)u(x � xk);

wherexk 2 SX and pX (xk) = P[X = xk ] is the
probability mass function (pmf) of X .

� Continuous random variable

FX (x) =
Z x

�1
f (t)dt

� Random variable of mixed type

FX (x) = pF1(x) + (1 � p)F2(x)
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3.3 Probability Density Function

� Probability density function (pdf) of X is

f X (x) =
dFX (x)

dx
:
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Properties of pdf

1. f X (x) � 0:

2. P[a � X � b] =
Rb

a f X (x)dx:

3. FX (x) =
Rx

�1 f X (t)dt:

4.
R1

�1 f X (t)dt = 1:

Graduate Institute of Communication Engineering, Nationa l Taipei University



Y. S. Han Random Variables 16

The pdf of the uniform random variable

f X (x) =

(
1

b� a ; a � x � b

0; otherwise

FX (x) =

8
>><

>>:

0; x < a
x� a
b� a ; a � x � b

1; x > b
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Pdf for discontinuous cdf

� Unit step function

u(x) =

(
0 x < 0

1 x � 0

� Delta function � (t)

u(x) =
Z x

�1
� (t)dt

� Cdf for a discrete random variable

FX (x) =
X

k

pX (xk)u(x � xk) =
Z x

�1
f X (t)dt

Graduate Institute of Communication Engineering, Nationa l Taipei University



Y. S. Han Random Variables 19

! f X (x) =
P

k pX (xk)� (x � xk)
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Conditional cdf 's and pdf 's

� Conditional cdf of X given A

FX (xjA) =
P[f X � xg \ A]

P[A]
if P[A] > 0

� Conditional pdf of X given A

f X (xjA) =
d

dx
FX (xjA)
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3.4 Some Important Random Variables

� Bernoulli random variable : Let A be an event. The
indicator function for A is

I A (� ) =

(
0 � =2 A

1 � 2 A
:

I A is the Bernoulli random variable. Ex: toss a coin.

� Binomial random variable : Let X be the number of
times a eventA occurs inn independent trials. Let I j

be the indicator function for eventA in the j th trial.
Then

X = I 1 + I 2 + � � � + I n
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and
P[X = k] =

� n
k

�
pk(1 � p)n� k ;

wherep = P[I j = 1].
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� Geometric random variable : Count the number M
of independent Bernoulli trials until the �rst success of
event A.

P[M = k] = (1 � p)k� 1p k = 1; 2; : : : ;

wherep = P[A]:
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� Uniform random variable

� Exponential random variable

f X (x) =

(
0 x < 0

�e � �x x � 0

FX (x) =

(
0 x < 0

1 � e� �x x � 0

� : rate at which events occur.
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� Gaussian (Normal) random variable :
The pdf is

f X (x) =
1

p
2��

e� (x � m)2=2� 2
� 1 < x < 1 ;

wherem and � are real numbers.
The cdf is

P[X � x] =
1

p
2��

Z x

�1
e� (x0� m)2=2� 2

dx0:

Change variablet = ( x0 � m)=� and we have

FX (x) =
1

p
2�

Z (x� m)=�

�1
e� t2=2dt = �

�
x � m

�

�
;
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where

�( x) =
1

p
2�

Z x

�1
e� t2=2dt
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Q-function is de�ned by

Q(x) = 1 � �( x) =
1

p
2�

Z 1

x
e� t2=2dt:

Q-function is the probability of \tail" of the pdf.

Q(0) = 1 =2 and Q(� x) = 1 � Q(x):

Q(x) can be obtained by look-up tables.
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Example : A communication system accepts a positive
voltage V as input and output a voltageY = �V + N ,
where� = 10� 2 and N is a Gaussian random variable with
parametersm = 0 and � = 2. Find the value of V that
givesP[Y < 0] = 10� 6.

Sol:

P[Y < 0] = P[�V + N < 0] = P[N < � �V ]

= �
�

� �V
�

�
= Q

�
�V
�

�
= 10� 6:

From the Q-function table, we have�V=� = 4:753. Thus,
V = (4 :753)�=� = 950:6.
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3.5 Functions of a Random Variable

� Let X be a random variable. De�ne another random
variable Y = g(X ). Example : Let the function
h(x) = ( x)+ be de�ned as

(x)+ =

(
0 x < 0

x x � 0
:

� Let B = f x : g(x) 2 Cg. The probability of event C is

P[Y 2 C] = P[g(X ) 2 C] = P[X 2 B]:

� Three types of equivalent events are useful in
determining the cdf and pdf:
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1. Discontinuity case: f g(X ) = ykg;

2. cdf: f g(X ) � yg;

3. pdf: f y < g(X ) � y + hg:
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Example : Let X be a sample voltage of a speech waveform, and
suppose thatX has a uniform distribution in the interval [ � 4d;4d].
Let Y = q(X ), where the quantizer input-output characteristic is
shown below. Find the pmf for Y .
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Sol: The event f Y = qg for q in SY is equivalent to the event
f X 2 I qg, where I q is an interval of points mapped into the
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representation point p. The pmf of Y

P[Y = q] =
Z

I q

f X (t)dt = 1=8 for all q:
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Example : Let the random variable Y be de�ned by

Y = aX + b;

where a is a nonzero constant. Suppose thatX has cdf FX (x), �nd
FY (y).
Sol: f Y � yg and A = f aX + b � yg are equivalent event. If a > 0
then A = f X � (y � b)=ag, and thus

FY (y) = P
�
X �

y � b
a

�
= FX

�
y � b

a

�
a > 0:

If a < 0, then A = f X � (y � b)=ag and

FY (y) = P
�
X �

y � b
a

�
= 1 � FX

�
y � b

a

�
:
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Therefore, we have

f Y (y) =

8
<

:

1
a f X

�
y � b

a

�
a > 0

1
� a f X

�
y � b

a

�
a < 0

=
1

jaj
f X

�
y � b

a

�
:
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Example : Let X be a Gaussian random variable with meanm and
standard deviation � :

f X (x) =
1

p
2��

e� (x � m )2 =2� 2
� 1 < x < 1

Let Y = aX + b. Find the pdf of Y .
Sol: From previous example, we have

f Y (y) =
1

p
2� jaj�

e� (y � b� am )2 =2(a� )2
:

Y also has a Gaussian distribution with meanam + b and standard
deviation jaj� .
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Example : Let random variable Y be de�ned by

Y = X 2;

where X is a continuous random variable. Find the cdf and pdf ofY .
Sol: The event f Y � yg occurs whenf X 2 � yg or equivalently
f�

p
y � X �

p
yg for y nonnegative. The event is null wheny is

negative. Then

FY (y) =

8
<

:
0 y < 0

FX (
p

y) � FX (�
p

y) y � 0

and

f Y (y) =
f X (

p
y)

2
p

y
�

f X (�
p

y)
� 2

p
y

y > 0

=
f X (

p
y)

2
p

y
+

f X (�
p

y)
2
p

y
:
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� Consider Y = g(X ) as shown below

� Consider the eventCy = f y < Y < y + dyg. Let Bx be its
equivalence in thex-axis.

� As shown in the �gure, g(x) = y has three solutions and

Bx = f x1 < X < x 1 + dx1g [ f x2 < X < x 2 + dx2g
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[f x3 < X < x 3 + dx3g:

Thus,

P[Cy ] = f Y (y)jdyj = P[Bx ] = f X (x1)jdx1j+ f X (x2)jdx2j+ f X (x3)jdx3j:

In general, we have

f Y (y) =
X

k

f X (x)
jdy=dxj

�
�
�
�
x = x k

=
X

k

f X (x)

�
�
�
�
dx
dy

�
�
�
�

�
�
�
�
x = x k

:
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Example : Let Y = X 2. For Y � 0, the equation y = x2 has two
solutions, x0 =

p
y and x1 = �

p
y. Sincedy=dx = 2x, we have

f Y (y) =
f X (

p
y)

2
p

y
+

f X (�
p

y)
2
p

y
:

Example : Let Y = cos(X ), where X is uniformly distributed in the
interval (0 ; 2� ]. Find the pdf of Y .
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Sol: Two solutions in the interval, x0 = cos� 1(y) and x1 = 2 � � x0.

dy
dx

�
�
�
�
x 0

= � sin(x0) = � sin(cos� 1(y)) = �
p

1 � y2:
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Sincef X (x) = 1 =(2� ),

f Y (y) =
1

2�
p

1 � y2
+

1

2�
p

1 � y2

=
1

�
p

1 � y2
for � 1 < y < 1:

The cdf of Y is

FY (y) =

8
>><

>>:

0 y < � 1
1
2 + sin � 1 y

� � 1 � y � 1

1 y > 1:
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3.6 Expected Value of Random Variables
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The Expected Value of X

� The expected value or mean of a random

variable X is de�ned by

E[X ] =
Z 1

�1
tf X (t)dt

� If X is a discrete random variable, then

E[X ] =
X

k

xkpX (xk)

� Note that E[X ] may not converge.
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� The mean for a uniform random variable betweena
and b is given by

E[X ] =
Z b

a

t
b� a

dt =
a + b

2

E[X ] is the midpoint of the interval [a; b].

� If the pdf of X is symmetric about a pointm, then
E[X ] = m. That is, when

f X (m � x) = f X (m + x);

we have

0 =
Z + 1

�1
(m � t)f X (t)dt = m �

Z + 1

�1
tf X (t)dt:
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� The pdf of a Gaussian random variable is symmetric at
x = m. Therefore,E[X ] = m.
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Exercise:
Show that if X is a nonnegative random variable, then

E[X ] =
Z 1

0
(1� FX (t))dt if X continuous and nonnegative

and

E[X ] =
1X

k=0

P[X > k ] if X nonnegative, integer-valued:

Graduate Institute of Communication Engineering, Nationa l Taipei University



Y. S. Han Random Variables 53

Expected value of Y = g(X )

� Let Y = g(X ), where X is a random variable with pdf
f X (x).

� Y is also a random variable.

� Mean of Y is

E[Y] =
Z + 1

�1
g(x)f X (x)dx:
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Variance of X

� Variance of the random variableX is de�ned by

VAR[X ] = E[(X � E[X ])2]:

� Standard deviation ofX

STD[X ] = VAR[ X ]1=2 �� measure of the spread of

a distribution.

� Simpli�cation

VAR[X ] = E[X 2 � 2E[X ]X + E[X ]2]

= E[X 2] � 2E[X ]E[X ] + E[X ]2

= E[X 2] � E [X ]2
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Example: Find the variance of the random variableX
that is uniformly distributed in the interval [ a; b].

E [X ] = ( a + b)=2;

and

VAR[X ] =
1

b� a

Z b

a

�
x �

a + b
2

� 2

dx

Let y = ( x � (a + b)=2). Then

VAR[X ] =
1

b� a

Z (b� a)=2

� (b� a)=2
y2dy =

(b� a)2

12
:
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Example: Find the variance of a Gaussian random
variable.

Multiply the integral of the pdf of X by
p

2�� to obtain
Z + 1

�1
e� (x � m)2=2� 2

dx =
p

2��:

Di�erentiate both sides with respect to � to get
Z + 1

�1

�
(x � m)2

� 3

�
e� (x � m)2=2� 2

dx =
p

2�:

Then

VAR[X ] =
1

p
2��

Z + 1

�1
(x � m)2e� (x � m)2=2� 2

dx = � 2:
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� Properties
Let c be a constant. Then

VAR[c] = 0;

VAR[X + c] = VAR[ X ];

VAR[cX ] = c2VAR[X ]:

� nth moment of the random variableX is given by

E[X n ] =
Z + 1

�1
xn f X (x)dx:
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3.7 Markov and Chebyshev Inequalities

Markov Inequality

� SupposeX is a nonnegative random variable with
meanE[X ]. Then

P[X � a] �
E [X ]

a
for X nonnegative

Since

E[X ] =
Z a

0
tf X (t)dt +

Z 1

a
tf X (t)dt �

Z 1

a
tf X (t)dt

�
Z 1

a
af X (t)dt = aP[X � a]:
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Chebyshev Inequality

� Consider random variableX with E [X ] = m and VAR[X ] = � 2.
Then

P[jX � mj � a] �
� 2

a2 :

� Proof: Let D 2 = ( X � m)2. Markov inequality for D 2 gives

P[D 2 � a2] �
E [(X � m)2]

a2 =
� 2

a2 :

� f D 2 � a2g and fj X � mj � ag are equivalent events.
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